We propose a simple design for a quantum heat pump based on two periodically driven coherently coupled quantum dots, to be implemented using ultracold atoms. Each dot possesses two relevant quantum states and is coupled to a fermionic reservoir. The working principle is based on energyselective driving-induced resonant tunneling processes, where a particle that tunnels from one dot to the other either absorbs or emits the energy quantum ω associated with the driving frequency, depending on its energy. We characterize the device using Floquet theory and compare simple analytical estimates to numerical simulations based on the Floquet-Born-Markov formalism. In particular, we show that driving-induced heating is directly linked to the micromotion of the Floquet states of the system.
The miniaturization of heat engines and pumps to systems consisting of a few relevant quantum states only [1, 2] and their description in terms of quantum thermodynamics [3] [4] [5] [6] constitutes a fascinating and active field of research. In this context the implementation and investigation of such devices with ultracold neutral atoms in tailored light-shift potentials defines a promising direction of research. Especially the recently developed quantum-gas microscopes, where digital mirror devices are employed for microstructuring almost arbitrary potential landscapes with high resolution both in space and time [7] [8] [9] [10] [11] [12] , provide an interesting platform for this goal. One advantage of atomic quantum gases in optical potentials is that they provide extremely clean conditions for studying the fundamental properties of quantum engines and pumps, since they do not suffer from dissipation induced by the coupling to phonons or due to radiative loss, as it is typically present in electronic systems. First experiments in this direction include the creation of a heat engine [13] as well as local probes for thermometry in ultracold gases [14] [15] [16] . Moreover, the implementation of a heat pump could be also of practical use for reaching lower temperatures.
In this paper, we design, characterize and propose to implement a quantum heat pump in an optically microstructured quantum gas. The starting point is a setup as it is realized by the Zurich group, where two reservoirs are coupled by a structured channel [13, [17] [18] [19] . The device itself is based on the potential landscape sketched in Fig. 1(a) . It consists of two coupled quantum dots, to be labeled l (left) and r (right), each coupled to a larger fermionic system and each hosting two relevant singleparticle levels, to be labeled by 1 (lower) and 2 (upper) [ Fig. 1(a) ]. The upper levels shall correspond to excitations transverse to the sketched potential, so that the energies of the individual levels can easily be tuned by the local transverse potential and so that the tunnel coupling between the upper levels is comparable to that of the lower ones. Moreover, we assume a time-periodic energy modulation K cos(ωt) for particles in the right dot with amplitude K and frequency ω.
The double-quantum-dot structure considered here is inspired by a recent paper by Cleuren et al. [20] . However, there are two major differences with respect to this earlier paper: (i) we consider coherent tunneling between both dots rather than incoherent transitions and (ii) our device is driven coherently by periodic forcing rather than by thermal photons. As will be shown below, this leads to the important conceptual difference that unavoidable driving induced heating is now directly linked to the micromotion of the device's Floquet states. The fact that the working mechanism of our system will be based on the transport of particles (fermions) between the dots and the reservoirs, distinguishes it, moreover, from very recently proposed periodically driven heat pumps based on energy exchange [21, 22] .
The model that we epmploy to describe the system is sketeched in Fig. 1(b) . We treat the fermionic systems coupled to the left and right quantum dot as thermal reservoirs characterized by temperatures T l , T r and chemical potentials µ l , µ r . For simplicity, we assume (i) the reservoirs (which we label by the dot they are coupled to, d = l, r) to have a density of states D d (E) = ρ d θ(E) taking a constant value ρ d above their minimum energy E = 0 (θ denotes the step function) and (ii) the particle exchange between reservoirs and dots via tunneling to be captured by an energy independent parameter γ. However, this choice is not essential.
Within the double-dot structure, for zero driving (K = 0) the lower and the upper state shall be arranged symmetrically with respect to the energy E 0 in both wells and they shall be separated by 2(E g + ∆) and 2E g in the left and the right well, respectively, with ∆, E g > 0. Moreover, particles can tunnel "horizontally" between the lower and the upper pair of levels with matrix element −J, whereas "diagonal" tunneling between the lower level of one dot to the upper one of the other dot is suppressed by the opposite parity of the transverse wave-function. Thus, the lower and the upper pair of levels form two individual channels, 1 and 2, individually connecting both reservoirs. All in all, the double-dot arXiv:1912.07638v1 [cond-mat.quant-gas] 16 Dec 2019 system is described by the Hamiltonian
whereâ cd andn cd , with dot label d = l, r and channel label c = 1, 2, denote the annihilation and number operators for spinless fermions in the four levels.
In the following, we will assume J ∆, so that tunneling between the dots is energetically suppressed in the undriven system. However, we will also assume that the driving frequency is tuned to resonance with this offset, ∆ = ν ω with integer ν, so that coherent tunneling can be induced as a "photon"-assisted process. In this way, one can achieve a situation, where fermions of energy E 0 + E g absorb ν energy quanta ω from the drive, when passing from the right to the left reservoir via channel 2, whereas fermions at the lower energy E 0 − E g emit the energy ν ω into the drive, when moving from right to left via channel 1. Together with the reverse left-to-right processes, one can immediately see that a steady-state situation without net particle and energy flow between both reservoirs can be given by a configuration, where µ l = µ r = E 0 and
Namely, in this case the Fermi-Dirac distribution f T,µ (E) = {exp[(E − µ)/T ] + 1} −1 of the right reservoir at energies E 0 ± E g equals that of the left reservoir at energies E 0 ± (E g + ∆), respectively. Therefore, one can expect that the driven double-dot acts as a quantum heat pump, transferring energy from the colder right to the hotter left reservoir, as long as
Note that Eqs. (2) and (3) are simple estimates, only. Deviations from them will arise due to "photon"-assisted tunneling processes between the levels E 0 ± E g of the driven right quantum dot and states of the right reservoir at energies E 0 ± E g + m ω, during which integer numbers m = 0 of energy quanta ω are absorbed or emitted by the drive. Furthermore, also the level splitting within each channel, as it is induced by resonant tunneling, alters this simple picture.
Each channel corresponds to a driven two-level system. In the "rotating" reference frame, obtained by integrating out the potential offset s c ν ωn lc + K cos(ωt)n rc with sign s c ≡ (−1) c , the tunneling parameter becomes time dependent. For tunneling rightwards it reads Je i(α sin(ωt)−scν ωt) , where α ≡ K/( ω) defines a dimensionless driving amplitude. In the limit J ω, we can average this rapidly varying phase factor over one driving period to obtain the effective tunneling matrix element J eff c = JJ scν (α) (see, e.g., Ref. [23] ), where J k (x) denotes the kth-order Bessel function of the first kind. Diagonalizing the resulting static Hamiltonian and transforming the eigenstates back to the original frame of reference, one obtains the time-periodic single-particle Floquet modes |u c± (t) = e −iscνωt |cl ± e −iα sin(ωt) |cr / √ 2, with quasienergies ε c± = E 0 + s c E g ± J eff c , where |cd =â † cd |vac with vacuum |vac . For non-interacting fermions, we also define time-periodic Floquet-Fock states |{n c± }(t) characterized by sharp occupation numbers n c± of the single-particle Floquet modes.
Let us treat the double-quantum dot as an open system coupled to the left and the right reservoir [ Fig. 1(b) ]. In the limit where the coupling to the reservoirs, γ, becomes small compared to the quasienergy level splitting ∼ |J eff c |), the system approaches a quasisteady state described by a time-periodic density matrix
which is diagonal with respect to the time-periodic Floquet-Fock states [24] [25] [26] [27] . The diagonal elements are given by timeindependent probabilities p {nc±} , which are determined by the rates (1 − n c± )R * c± and n c± R † c± for the gain ("birth" * ) and the loss ("death" †) of a fermion in state c±, respectively. The rates have contributions from both reservoirs (d = l, r), R η c± = R ηl c± + R ηr c± with η = * , †, and can be obtained using Floquet-Born-Markov theory in combination with the secular approximation [24] [25] [26] [27] . They are given by a sum of golden-rule type terms describing processes where the system exchanges m energy quanta ω with the drive, cl,± = γδ m+scν / √ 2, describing the coupling to reservoir states at energies E 0 + s c (E g + ∆) ± J eff c . In contrast for the driven right dot, we find coupling matrix elements γ (m) cr,± = γJ m (α)/ √ 2 for particle exchange with reservoir states at all energies E 0 + s c E g ± J eff c + m ω. The "satellite" coupling terms with non-zero m are a direct consequence of the periodic time-dependence of the Floquet states |u c± (t) known as micromotion.
For small driving amplitudes one has J m (α) (α/2) m /m!. Thus, the ideal situation captured by Eqs. (2) and (3), where the right dot is just coupled to reservoir states of energy E 0 + s c E g , is given in the limit α → 0, only. However, in this limit also the effective tunneling matrix elements vanish, J eff c → 0, suppressing transport between both reservoirs. As a result, when choosing α there will be a trade-off between enhancing J eff c and avoiding detrimental processes associated with photon-assisted (m = 0) tunneling between the system and the right reservoir. Since our theory is limited to the regime γ |J eff c |, where the bottleneck of transport from one reservoir to the other through the double dot is γ rather than J eff c , it does not directly describe the suppression of transport for α → 0. However, it is still taken into account indirectly by the fact that transport is limited by a value of γ, which is assumed to be smaller than |J eff c |. In the steady state the mean-occupations of the Floquet modes obey d dt n c± = R * c± (1− n c± )−R † c± n c± = 0, so that n c± = (1 + R † c± /R * c± ) −1 . From this solution, we obtain the steady-state rates for the change of particle number,Ṅ d , and energy,Ė d , in both reservoirs:
While the total particle number is conserved, so thaṫ N r +Ṅ l = 0, energy is not conserved for non-zero driving, so thatĖ r +Ė l = 0 (we always findĖ r +Ė l > 0, consistent with the second law of thermodynamics). In the quantum-heat-pump regime,Ė r < 0 for T r < T l , where the system extracts energy from the colder right reservoir, we can define the coefficient of performance COP = −Ė r /(Ė r +Ė l ). Assuming the reservoirs to thermalize sufficiently fast to individually remain in equilibrium while exchanging energy and particles with the double dot, we compute the time derivatives of µ d and T d from Eqs. (5) . For this purpose, we invert
where
In the following, we will use the tunneling parameter J as the unit of energy and measure times in units of τ = /(2πγ 2 ρ r ), so that γ drops out and the dynamics depends on the ratio λ ≡ ρ l /ρ r of reservoir "sizes" rather than on the absolute values ρ r and ρ l .
In order to test, whether the driven double dot can operate as a heat pump, in Fig. 2(a) , we examine the rateṪ r at which the right temperature changes in response to finite differences in temperature and chemical potential, ∆T = T r − T l and ∆µ = µ r − µ l , keeping T l and µ l fixed (the parameters are given in the caption). Since we are considering a small driving amplitude α = 0.1, for ∆µ = 0 we expect the system to operate as a heat pump roughly in the regime (3), i.e. for 0 > ∆T > −(1 − 1/a)T l ≈ −7.1. And, indeed, we finḋ T r < 0 for ∆T −7, in excellent agreement with this prediction. Moreover, the relative rate at which the right chemical potential changes [ Fig. 2(b) , red line] is negligibly small, as desired for the operation of the device as a heat pump. The blue line in Fig. 2(b) shows the coefficient of performance, reaching its maximum of about 0.3 at ∆T = 0.
In Fig. 3(a) , we plot the time evolution of T r (solid lines) and T l (long-dashed lines) starting from the same initial temperature T 0 and chemical potential µ 0 = E 0 (the parameters are given in the caption). The thin green, intermediate blue, and thick red lines correspond to increasing driving strengths α = 0.1, 0.25, and 0.5, respectively. The best performance can be observed for the weakest driving strength. Here the temperature of the left reservoir first drops to 0.6T 0 due to heat transfer to the left reservoir, before it increases again very slowly as a result of driving induced heating. Increasing α and with that also |J eff c | the dynamics can be made faster by increasing γ so that τ becomes smaller. However, at the same time also driving-induced heating increases with α and causes a smaller temperature reduction to 0.8T 0 for α = 0.25 and even a temperature increase of both reservoirs for α = 0.5. The inset shows the time evolution of the chemical potential µ r of the right reservoir for α = 0.25. We can see that it changes by about one percent only on the time scale needed to reach the minimum temperature, so that the driven double dot predominantly cools the right reservoir.
The driving-induced heating is directly associated with the micromotion and the resulting rates R curs and a steady state with T r ≈ 0.54T 0 is reached, as can be seen from the thin short-dashed red line showing T r for α = 0.5 (where before no cooling was observed at all). For this artificial steady state, we expect T l /T r ≈ 1 + ∆/E g = a, according to Eq. (2) . Including also m = 0, this estimate sets also an upper limit for T l /T r at the time where T r becomes minimal. This is confirmed in Fig. 3(b) , where we plot this ratio versus ∆/E g = ω/E g for various different parameters (different symbols, see caption) together with a (dashed line). From this Figure, we can see that, as expected, the data comes closer to the optimal limit a (dashed line) when α is lowered. While also lowering ω/E g helps to approach the bound a, the bound itself becomes more favorable for larger ω/E g , so that (at least for sufficiently small α) we still find better (larger) temperature ratios for larger ω/E g .
Finally, we observe larger temperature ratios when increasing the relative size λ of the energy absorbing left bath. This is a consequence of the fact that the left bath can absorb more of the heating-induced energy during the evolution, since its temperature remains lower. An additional major benefit of raising λ is, furthermore, that not only T r /T l is lowered, but at the same time also the absolute values of T l and with this also T r . The advantage of an increased left reservoir is confirmed by the dashdotted green line in Fig. 3(a) showing the evolution of T r for the same parameters like the solid green curve, except that now λ = 10 is chosen rather than the value λ = 1 used for all other curves. As a result, T r is reduced to 0.26T 0 , which is almost the optimal value T 0 /a ≈ 0.23T 0 of the bound
obtained from Eq. (3) for λ → ∞ so that T l = T 0 at all times. In Fig. 4 we investigate how the minimal right temperature assumed during the evolution depends on the system parameters. As expected from Eq. (2), we find that T min r /T 0 decreases both when lowering E g [at least for sufficiently weak driving strength α, Fig. 4(a) ] and when increasing ω = ∆ [ Fig. 4(b) ]. Moreover, we find that the enhancement of cooling by increasing the relative size λ of the right reservoir saturates at values of about λ = 5 [ Fig. 4(c) ]. This is a very promising result for the implementing such a heat pumps with ultracold atoms, since it implies that it is sufficient to engineer reservoirs of rather moderate size.
Besides the optimization of parameters with the aims of both saturating and lowering the bound (7) , an alternative strategy for reaching lower temperatures is to put two (or more) heat pumps in series. This scenario is investigated in Fig. 5 , where we plot the evolution of the temperatures of three reservoirs (l, m, r) that are coupled by two identical heat pumps (see sketch). Motivated by the results of Fig. 4(c) , we have chosen a hierarchy of reservoir sizes according to ρ l /ρ m = ρ m /ρ r = 5. Note that both left and middle reservoir together are still only 30 times larger than the reservoir that we wish to cool. The lower limit for the temperature of the right reservoir is now given by T r T 0 /a 2 ≈ 0.053T 0 and, indeed, we can see that during the evolution T r /T 0 is reduced to the temperature 0.07T 0 , which is only slightly larger.
We have described a simple design for a quantum heat pump. It is based on two coherently coupled, periodically driven quantum dots, each possessing two relevant quantum states and being tunnel-coupled to a reservoir. The working principle is based on energy-selective "photon"assisted tunneling processes, where a particle that tunnels from one dot to the other either absorbs or emits the energy quantum ω associated with the driving frequency, depending on its energy. We simulate the device using an open-system approach based on Floquet-Born-Markov theory and show that it indeed works as a heat pump and that unavoidable fundamental driving-induced heating is directly linked to the micromotion of the system's Floquet states. It is a promising perspective to implement such a device with quantum-gases using recently established experimental techniques for microstructuring light-shift potentials. Namely, quantum gases provide extremely clean conditions, since they do not suffer from detrimental dissipation via radiative losses or the coupling to a phonon-bath, as it is present in electronic systems. Moreover, the proposed device might also be of practical use for reaching lower temperatures.
